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ABSTRACT: Employing a novel type of non-commutative product in the Dirac-Ké&hler
twisted superspace on a lattice, we formulate a field theoretically rigid framework of ex-
tended supersymmetry on a lattice. This corresponds to a certain reformulation of the
non-commutative superspace on a lattice which was essentially developed in ref. [] As a
first example of this treatment, we calculate one-loop (in some cases any loops) quantum
corrections for a twisted Wess-Zumino model with N x N hermitian matrix superfields on
a two dimensional lattice. The calculations are entirely given in a lattice superfield frame-
work. We report that the mass and the coupling constant are exactly protected from the
radiative corrections at non-zero lattice spacing as far as the planar diagrams are concerned,
while the non-planar contributions generally spoil the exactness of the supersymmetry at
finite N on the lattice. These properties imply an exact lattice supersymmetry realization
w.r.t. all the supercharges in the 't Hooft large-IN limit.
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1. Introduction

There have been a variety of studies addressing the subject of supersymmetry (SUSY) on a
lattice. The literal purpose of lattice SUSY is to provide a well-defined constructive frame-
work of SUSY formulations with which one may extract the fully non-perturbative informa-
tion either analytically or numerically. A successful formulation of lattice SUSY may be ex-
pected to provide a deeper understanding of the relationship between bosons and fermions
in a regularized framework. In recent years, it has been recognized that the so-called twisted
SUSY formulations are playing particularly important roles in this challenging subject [l
[. It was also recently pointed out that amongst the other formulations of lattice SUSY [f],
the deconstruction formulation [§] is quite closely related to the twisted SUSY formulation
on the lattice [[]. In spite of these developments, however, realizing all the SUSY genera-
tors in a SUSY algebra being considered, say, D =4 A =1 or D = 2 N = 2 or whatever,'
exactly on a lattice, has been considered as a very non-trivial task. This is essentially
because in general only the finite subgroup of the entire translational symmetry group in
the continuum spacetime can be survived at non-zero lattice spacings.

In the series of papers []-f], we have proposed an extended SUSY formulation on
a lattice which keeps all the SUSY transformations exact at least at classical level. The
formulation is based on the two crucial theoretical ingredients. The one is the notion of
twisted SUSY. This is essentially originated from the intrinsic relation between twisted
fermions and staggered fermions or more appropriately Dirac-Kéhler fermions [[L]]. It has

'In this paper, we shall represent the degree of extended SUSY by the calligraphic letter N~ while the
size of the superfield matrices by the letter N.



been pointed out that the fermionic components in the lattice SUSY multiplet are realized
as a staggered fermion, and accordingly the spectrum doubling turns to have a physically
relevant meaning as an extended SUSY degrees of freedom [[. The lattice fermions in
this framework have their own geometrical meaning. They have one-to-one correspondence
with all the simplices available on a lattice being considered, namely, 0, 1 and 2-form on
a two dimensional lattice or 0, 1, 2, 3 and 4-form on a four dimensional lattice, which is
a natural consequence of the Dirac-Kéhler fermion realization on a lattice [[J]. The other
crucial ingredient, which is also tightly related to the Dirac-K&hler structure, is the “mild”
non-commutativity associated with the lattice supercharges. It has been long recognized
that the breakdown of Leibniz rule is one of the major obstacles in realizing exact SUSY
on a lattice. The notion of “mild” non-commutativity has been introduced in order to
overcome this difficulty. The non-commutative nature of lattice supercharges can be trace
back to the intrinsic non-commutative property of difference operators. In [f], we have
shown that if the non-commutativity matching conditions, which we refer to as the Leibniz
rule conditions on a lattice, are satisfied, then all the supercharges can be exactly realized
on the lattice at least at classical level. This notion of “mild” non-commutativity has
been further applied to the formulations of extended supersymmetric gauge theories by
means of link supercharges and link component fields [, fi] and recently also applied to the
formulation of Chern-Simons theory on a three dimensional lattice [[[2].

In spite of these developments, on the other hand, we have not addressed the quantum
aspects of these formulations so far since it has not been fully established how to deal with
the above “mild” non-commutativity in a quantum field theoretically rigid manner. In this
paper, we attack this problem and propose a field theoretically well-defined treatment of
the “mild” non-commutative SUSY formulation on a lattice. In particular, we shall employ
a novel type of non-commutative product in the Dirac-Kéhler twisted superspace which
honestly accommodates the “mild” non-commutativity introduced in ref. [l. As a first
example of this framework, we shall calculate one-loop (in some cases any loops) quantum
corrections for a twisted Wess-Zumino model with N x N hermitian matrix superfields
on a two dimensional lattice. The calculations are entirely given in the lattice superfield
method. We report that the mass and the coupling constant are exactly protected from
the quantum corrections as far as the planar diagrams are concerned, while the non-planar
contributions generally spoil the exactness of the lattice supersymmetry at the order of
O(a?/N). These features imply the realization of exact lattice supersymmetry w.r.t. all
the supercharges in the 't Hooft large-N limit.

This paper is organized as follows. In section 2, after introducing a novel type of non-
commutative product which honestly represents the “mild” non-commutativity which we
have introduced in [, we (re-)formulate the lattice counterpart of extended SUSY algebra
and see how to construct an extended SUSY invariant action on a lattice. In section 3, as
a simple and explicit example, we introduce the Dirac-Kahler twisted NV = D = 2 SUSY
algebra and explicitly see how the lattice SUSY algebra is realized in accordance with the
lattice Leibniz rule conditions. We then construct a N' = D = 2 twisted Wess-Zumino
model on a lattice and proceed to derive the superfield propagators and the three-point
vertex functions, taking a full advantage of the lattice superfield method. In section 4,



we extend the chiral and anti-chiral superfields introduced in section 3 to N x N hermi-
tian matrix valued superfields in order to set up the N' = D = 2 twisted Wess-Zumino
model with global U(N) symmetry. We perturbatively investigate the possible radiative
corrections to this model by explicitly calculating the one-loop (in some cases any loops)
contributions to the kinetic term, the mass term and the interaction term of the lattice
action. We then find out that the quantum corrections strictly protect the lattice SUSY
as far as the planar diagrams are concerned. In particular, we shall see that apart from
the overall wave function renormalization the mass and the coupling constant are strictly
protected (at least to this order) from the radiative corrections in the planar diagrams.
These features imply the full realization of exact SUSY at non-zero lattice spacing in the
't Hooft large-N limit. Section 5 summarizes the formulation with some discussions.

2. Introducing a non-commutative product

In this section, we first introduce a novel non-commutative product in the Dirac-Kéahler
twisted superspace which honestly represent the “mild” non-commutativity introduced in
ref. [l and present how to formulate a lattice counterpart of SUSY algebra. The non-
commutativity introduced in ref. [ in order to keep the lattice Leibniz rule is the one
between the bosonic (discrete) coordinate x,, and Grassmann coordinate 64 in the twisted
superspace (z,,04),

Oaf(z) = (—)VIf(z —2a4)04, (2.1)

or equivalently,

[, 0a] = 2(aa)uba, (2.2)

where the symbol | f| takes value of +1 or —1 for the bosonic or fermionic function f, respec-
tively. 64 is representing any fermionic coordinate in the Dirac-Kéhler twisted superspace,
namely, 04 = (0,0u,0~) with p=1,2in N =D =2, B], 04 = (0,0,,0,,0) with u =1~ 3
in N'=4D =3[ and 04 = (0,6,,0,,,0,,0) with y,v =1 ~4in N =D =4 [F]. The
vector a4 in the r.h.s. of (B.9) governing the non-commutativity between x, and 04 is to
be constrained at a later stage such that the resulting SUSY algebra be consistent with
the non-commutativity matching conditions which we refer to as the lattice Leibniz rule
conditions. In this framework, superfields may generically be expanded in terms of the
non-commutative 64’s such as

O(z,04) = ¢(x) +0ada(z +an) + 040045z +aa+ap) +---, (2.3)
= ¢(z) + (1)1l g4 (z — an)fa + pap(z —an —ap)fabp +---, (2.4)

where the component fields are chosen to be located in a symmetric manner. The symbol
|¢| again takes the value +1(—1) for the bosonic (fermionic) component field ¢. All the
superfield operators such as supercharges and supercovariant derivatives are accordingly
represented in terms of the non-commutative 64’s on the lattice. The highlight of the for-
mulation based on the relation (R.J) is that the resulting lattice action can be manifestly



invariant under all the SUSY variations at least at tree level if the lattice Leibniz rule
conditions are satisfied [fl. On the other hand, it is rather non-trivial how to deal with
the non-commutativity (.J) within the framework of quantum field theory. One possible
way to provide a field theoretically more rigid framework is to formulate the bosonic and
fermionic coordinates entirely in terms of matrix representations and deal with the (su-
per)fields as the functions of these (super)coordinate matrices. A formulation presented in
ref. [d] may be placed along this direction.

A somewhat alternative way to treat the non-commutativity (2.3), which is our starting
point of this paper, is to alter the notion of product and introduce a non-commutative
product in such a way to satisfy the relation,

[y, 0] = xp*x04—0axx, = 2(aa)b4. (2.5)

This type of non-commutativity treatment may be regarded as a certain analogue of
the Moyal star product whose quantum implications have been extensively investigated
(e.g. I for a review). The principle we shall take is that all the non-commutativity
should be originated from the nature of the product denoted as  in (.5), while the z,, and
04 should be treated as the ordinary (discrete) bosonic coordinates and fermionic coordi-
nates, respectively. In this framework, superfields can be expanded in terms of ordinary

fermionic coordinates and ordinary functions,?

®(2,04) = ¢(x) +0a9a(x) +040pPap(x) + -+, (2.6)

and thus may be served as path integration variables such as in the standard SUSY treat-
ment in the continuum spacetime [[4-[[7]]. A star product of superfields, which is intrin-
sically non-commutative, is defined in terms of * subject to the relation (B.5),

q)l(x,HA)*@g(a:,@B) 75 @2(%,93)*@1(%,9,4). (27)
An explicit representation of the star product satisfying the relation (2.5) may be given by
(I)l(x,HA) * @2(%,93) = ,u(}"L_lfR (I)l(x,HA) & @2(%, 93)), (28)

with the elements F;, and Fg,

B G
Fr = exp {Z Z(aA)peA% ® ap} ., Fr = exp {Z 9, ® Z(aA)peA%} ,(2.9)
p A p A

where in (P.§) the symbol p denotes the multiplication map, u(f ® g) = fg. The operator
0 A% in the r.h.s.’s of (£.9) should be understood as an adjoint operation,

0 . 0 0
9A89Aadj 9A89A = [HA%A, ], (2.10)

2We shall take a convention to locate all the component fields on a same site. Note that superfields can
be re-expressed in terms of the star product. Using () for instance, one has ®(z,04) = ¢(z)+0axpa(x+
aa)+0ax0pxpap(x+aatap)+- = @)+ (—1)14lpa(x—aa)*0a+dap(x—as—ap)*0a*0p+--- .



together with the anti-commutation relation between % and 0p,

{a(g 93} S4B (2.11)

One may easily verify that the elements 7, ! and Fg independently give rise to the following

relations,
WFL 04 f(x) =0af(x—aa), u(FL' f@)®60a4) = f(z)0a, (2.12)
WFr 04 @ f(z)) =0af(2), W Fr f(@)®04) = flz+aa)fa.  (2.13)

Accordingly, the star product defined in (R.§) would give,
Oax f(x) =0af(x—an), f(@)*04 = f(x+aa)ba. (2.14)

It is now obvious that the relation (R.5) is satisfied just by taking f(x) = z. It is important
to notice that the star product (2.§) satisfies the associativity,

(®1(x,04) * Pa(z,0)) * P3(z,00) = P1(z,04) * (Pa(z,05) * P3(z,00)).  (2.15)

Also note that the star product of the super derivative operators % gives rise to the

opposite shifts compared to (.14),

0 0 0 0

004
with which one can verify that the anti-commutation relation (P.11) holds also in the star
product language,

(2.16)

{8§ eB} F(0) = g0 f@) + 05 = o 5 S(0) = Banf@@). (27

Although the combination of the elements (¥, ')!(Fz)?~* with an arbitrary parameter ¢
would always induce a non-commutative product which satisfies the relation (R.5), in this
paper we shall only consider the symmetric definition given in (B-§).

Having introduced a non-commutative product between the bosonic and fermionic
coordinate of the superspace, z, and 64, we also require the same amount of non-
commutativity between x, and Grassmann parameters {4,

Eax f(z) =8af(x—an), f@)*la = f(z+aa)éa, (2.18)

such that the operation of £ A% would properly induce a derivative w.r.t. 84 also in the
language of the star product,

§A 7¢( ) +0ppp(x) + - EfA%*@(m)JF@BfﬁB(x)JF”')

0

—(¢(z) + 0pgp(z) +--+) *fA%

= 5AB§A¢B(¢)+"' . (2.19)



This extension can easily be done by just replacing the HA% as & Aa%‘ + HA% in the

expressions (R.9).
Based on the above setup, we now proceed to define a lattice counterpart of SUSY

algebra. Since in the continuum spacetime, SUSY algebra can be regarded as a fermionic
decomposition of differential operators, one may naturally expect that a lattice counterpart
of SUSY algebra can be formally expressed as a fermionic decomposition of difference
operators,

{QAvQB} = f,/in,LM (220)

where f/ 5 denotes a numerical coefficient, while d,, denotes a “formal” difference operator
to be specified in the following. A SUSY transformation on the lattice is defined by a
x commutator between a supercharge Q4 associated with a corresponding Grassmann
parameter £4 and a superfield ®(z, 0¢),

0a®(z,0c) = [£4Qa, P(z,00)]x
= &AQA * P(x,00) — P(x,00) *£4Q 4 (A : no sum). (2.21)

A commutator of 4 and dg would accordingly give,

[5147 53](1)(:177 00) = [EAQAv [gBQBa <I>(x790)]*]* - [gBQBv [gAQAy (I)(:E7 90)]*]*
= —[64B{Q4, @B}, O(x,00)]x
= —$aéfhp|du®(z — aa —ap,0c) — ®(x + aa +ap,b0c)d,], (2.22)

where in the last line we substitute the relation (B-2(]). One can notice here that the SUSY
variation defined in terms of the star product (R.21)) automatically induces a difference
operation in the last line, provided either of the following conditions holds,

ag+ap =+n, and d, = ~3 (2.23)
1
ag+ap =-n, and d, = +§, (2.24)

where n,, is denoting a unit vector whose component is defined by (n,), = d,,. One may
verify that the last line of the expression (£.23) has the desired continuum limit if the

condition either (2.23) or (R.29) is satisfied,
1
_ngszBa [®(z + ny,0c) — ®(z — nyu,00)] — —Ea€pfhp0.®(z,0c0).  (2.25)

The superspace expressions for the supercharges satisfying (R.2(]) are readily given by, for
instance,

o 1 g 1
Qa = % + 5f§393du, Qe = @ + §f§39Adu- (2.26)

Remark here that the difference operation in this framework is generated by the non-
commutative nature of the star product and thus the lattice SUSY algebra given in (2.2()



is actually describing a “reduced” algebra in the sense that the differential operator 9,
in the continuum SUSY algebra is replaced by a constant value d, = :I:% in its lattice
counterpart. The conditions (£.:23) and (B.24) coincide with the Leibniz rule conditions
introduced in the previous works [[[-[] where it was shown that Dirac-Kahler twisted
SUSY algebra of N =D =2, N =4 D =3 and N = D = 4 can satisfy these conditions.
Although the above star product formulation is formally available in any of these cases, in
this paper we mainly concentrate on the simplest but non-trivial case, N'= D = 2. It is
also important to remark that a SUSY variation for a star product of superfields ®; * ®o
satisfies the following Leibniz rule thanks to the associativity (e.g. (2.19)),

54(P1 * P2) = [£4Qa, D1 * Do
= EaQA * P1# Py — Py x Py x§aQn
= (0AP1 + @1 % £4Q4) * Py — Dy * (E4QA * Py — 4 D2)
— §aDy % Do+ D % 64Ds, (2.27)

while a SUSY variation for an ordinary product ®;®, does not,
04(P1P2) # 64D 1 P2 + D154 Do, (2.28)

since in general we have, (Ax B)C # Ax(BC). From these properties, one can immediately
see that any lattice action which is to be invariant under the SUSY variation (2.21) should
be expressed in terms of the star product.

3. N = D = 2 Dirac-Kihler twisted SUSY algebra & Wess-Zumino model

In this section, as a simple and explicit example, we introduce the N' = D = 2 twisted SUSY
algebra and see how the lattice counterpart of the algebra can be realized in accordance
with the lattice Leibniz rule conditions. We introduce a chiral and anti-chiral superfields
to construct a NV = D = 2 twisted Wess-Zumino model on a lattice. The superfield
propagators and the three-point vertex functions shall be explicitly derived by means of
the lattice superfield method.

3.1 N =D =2 twisted SUSY algebra on a lattice
Let us first introduce the A/ = D = 2 SUSY algebra in the continuum spacetime which is

given by
{Qaiy@jﬁ} = 22‘62']’(7;1)04[3@17 (31)
[J, Qas] :%(75)(1[3Qﬁi7 (R, Qui] = %(75)2’3’Qaj7 (3.2)
[J,0u] = i€ 0y, [R,0u] = [04,Qai] = [04,0)] = [J,R] = 0. (3.3)

where the indices o, 3 = 1 or 2 and 4,5 = 1 or 2 denote spin and N' = 2 internal indices,
respectively. The gamma matrices in two dimensions can be represented by Pauli matrices,

Y1 =03, Y2=01, Y5=7172 = i02. (3.4)



The conjugate supercharge @ = Q' can be taken as Majorana, subject to the condition
Qio = (Q)ia = Qqi- J and R denotes the generators for the SO(2) Lorentz and SO(2)
internal rotations, respectively. The twisted form of the algebra (B.]) is given in terms of
the Dirac-Kéhler expansion of the supercharge,

Qai = (1Q + fYMQu + 75@)052’7 (35)

as

{Q,Qu} = 0y, {Q,Qu} = —i€u0y, {others} = 0. (3.6)

The twisted supercharges (@, Q,,, Q) transform as a scalar, a vector and a (pseudo-)scalar
under the twisted Lorentz generator J' = J + R, respectively, in the continuum spacetime,

[J/vQ] = 07 [JlaQu] = ie/,”/QVy [J/,Q] = 0. (37)

It was first pointed out in ref. [l that the algebra which can be realized on the lattice
is not the form of (B.1) but the form of (B.6) since only the Dirac-Kéhler twisted form of
SUSY algebra has a chance to satisfy the Leibniz rule condition. In the present context of
the formulation, the lattice counterpart of the algebra (B.6) can be expressed as,

{Q.Qu} = idf, {Q,Qu} = —ieud,, {others} = 0, (3.8)
with the corresponding Leibniz rule conditions,
a+a, = +ny, a+a, = —|euw|n,. (3.9)

The “formal” difference operators df and d;; in the r.h.s. of (B.6) take the value of — and
—I—%, respectively, as is required by the conditions (R-23) and (B.24). The conditions (B.9)
are satisfied by the following generic solutions with the one vector arbitrariness,

a = (arbitrary), a, = +n,—a, a = —n3 —nay+a. (3.10)

Note that the sum of all the shift parameters vanishes regardless of the one vector
arbitrariness,

a+a-+a;+as =0. (3.11)

In this paper, mainly because of the advantages in dealing with the superfield formulation,
we shall take the symmetric choice which is depicted in figure [l

1 1 1 1 1 1 N 1 1
a = <+§,+§>, ap = <+§,—§>7 az = <—§7+§>7 a = <—§,—§>-(3-12)

Superspace expressions for the supercharges Qa4 = (Q,QM,Q) which satisfy (B.§) are

given by,
Q= 20 + 29Mdu7 Qu = 20, + 29du 296uydy, (3.13)
~ a i _
Q= % - §9u€uudy . (314)



T+ N2
5] a

T —ny T+ ny
a ai
T — N3

Figure 1: Symmetric choice of a4

We also introduce the following supercovariant derivatives Dy = (D, D,,, D),

o i 0 { (-
D= — —-0,d D, = — — =0d} + =0¢,,d, 1
55~ 50udt k= gg; = 30+ gewds, (3.15)
~ g i _
D= % + §9u€uydy, (316)

which anti-commute with the supercharges, {Qa, Dp} = 0, and satisfy the algebra,

{D,D,} = —id}, {D,D,} = ieud {others} = 0. (3.17)

A chiral superfield ®(x,04,04) and an anti-chiral superfield ®(z,0.4,0.4) on the lattice
can be defined in terms of the supercovariant derivatives (B.15)-(B.16),
(€D, ®(x,04,04)]. = [€D, ®(x,04,04)}x = 0, (3.18)
[gl/«Dli?E(xaeA?yA)]* =0 (,U, ¢ no sum), (319)
here and in the following we shall represent the arguments of the superfields by 04 =

0, = (61,62) and 64 = (0, 0). In solving these conditions, it is convenient to introduce the
following difference expansion operator,

-1 +_E I./~ v
U = o) 3O0ndi—euwuds) (3.20)

where the exponential with the star is defined by

ele+X+%X*X—|—%X*X*X+---. (3.21)
The supercovariant derivatives (B.15- B.-16) can be expressed in terms of U as,
ED =U"1x 5% «U, €D = U '« 5% U, (3.22)
Dy = U x gui « U! (1 : no sum), (3.23)
00,
with which one may rewrite the chiral and anti-chiral conditions (B.1§)—(B.19) as
[53 '(2,04,04)]s = [Nﬂ ' (2,04,04)]s = 0 (3.24)
807 y VA VA) |« = 857 y VA VA« = Uy .
[{ui,@(:n,HA,?A)]* =0 (p : nosum), (3.25)
00,



where ®/(z,0,4,0,4) and ® (z,04,0,4) are defined by
' (2,04,04) = Ux®(x,04,04) U, (2,04,04) = U\ xD(2,04,04)*U. (3.26)

One can easily solve the conditions (B.24) and (B.25) and get the following expressions for
® and T,

' (2,04,04) = ¥ (x,04) = 6(x) +0,0u(x) + 01090(), (3.27)
O (2,04,04) = D (2,04) = ¢(x)+ 0x(z) + 0%(2) + 005(z), (3.28)

where (¢, b, o, @) and (11,9, X, X) are denoting the bosonic and fermionic component
fields, respectively. Then the expressions of the chiral and anti-chiral superfields (®,®)
can be found as,

O(x,04,04) = Ut 5@ (2,04)%U
= 0(0) + 0uu(@) + 01020(2) + 500, 85,60(0) — 364 00,8,0(0)
+%6MV90192Auwu(x) - %50192Auwu(x) + %050192AMAM¢(@*), (3.29)
B(1,04,04) = U (2,04) U
= p(z) + Ox(x) + é)}(m) + 95@(3:) — %HHMAuw(x) + %euuéﬁuAyw(x)
+%6“V9§9uAyx(:E) + %HéﬁuAHf((:n) + ieéeleﬁu%@(x), (3.30)

where A, is denoting a symmetric difference operator, A, f(z) = $(f(z+n,) — f(z—n,)).

In deriving these expressions we made use of a star product version of the exponential
formula,

1
eX %Y we X = Vot [X V] [ XY T o (3.31)

which obeys from the associativity of the star product.
The N = D = 2 twisted SUSY transformation laws for the component fields follow
from the definition (R.21)). As for the chiral superfield ®(z,604,04), we have

¢, ®(2,0p,0p) = U 0, @ (x,0p) x U
= [€4Qa, U1 % @/ (2,05) x Ul., (3.32)

from which it obeys

3¢, @' (z,0p) = [£4Q'4, ' (2,0p)], (3.33)

where £4Q"y = U «§4Q 4 * U~ are given by

0 0
Q' = 50 + &0, d}, £.Q, = §u—89u (p : no sum), (3.34)
=/ ng a e —
Q= é% - Zéeueuudy . (3.35)

— 10 —



O O, ¢
() 0 Ep(@) 0
Yu(x) | —i€Aue(x) €uppd(x) i€up€ DN ()
Qg(iﬂ) iepoDptho(T) 0 _ZEAMZ’/)(ZE)
p(z) éx(x) 0 £x(x)
x(z) 0 —i&, () p(x)
X(z) —§p(z) i€po&pDop() 0
¢(z) 0 i§pApX () + 6p€ps Ao X () 0

Table 1: N/ = D = 2 twisted SUSY transformation laws on the lattice for the component fields

(¢, ¥, @) and (@, X, X, @)-
In a similar way for the anti-chiral superfield ®(x,04,0.4), we have
6§A6,(‘T7§A) = [SAQing/(xagA)]% (336)

where £4Q") = U™l % £4Qa + U are given by

Q" = 5%, £.Q = 6“819“ + i 0d; — i€,0¢,,d;  (p:mosum),  (3.37)
eI Nﬁ
Q" = gaé' (3.38)

The NV = D = 2 twisted SUSY transformation laws for the component fields are sum-
marized in table [[. One can verify that the component-wise SUSY variations form the
following off-shell closed algebra,

[0¢,0¢,Jon = +iEpApoa (p : no sum), (3.39)
[0g: 0¢,Jpa = —i&p€pc Doipa (p : no sum), (3.40)
[others|p4 = 0, (3.41)

where ¢4 denotes any of the component field (¢,,, b, Oy X5 X5 P)-

3.2 Twisted SUSY invariant action at tree level

In terms of the chiral and anti-chiral superfields ®(z,64) and ®(x,04), one can generally
construct a N'= D = 2 twisted SUSY invariant action on the lattice as

S = Z/d40 K.(®,®) + Z/d29 F.(®) + Z/d?? F.(9) (3.42)
where the Grassmann measures are defined by d*0 = dOdAde,dbs, d20 = df,dh; and d20 =

dfdf, and each Grassmann integration is defined by [dba 1 =0, [disbp = dap. The
symbol K, is denoting any functions of the chiral and anti-chiral superfields in terms of
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the star product, while the symbols F, and F, are respectively denoting any functions of
the chiral superfields and anti-chiral superfields again in terms of the star product. Since
we take the symmetric choice of a4 (B.13), the summation over z should cover (int, int)
sites as well as (half-int, half-int) sites,

Z Z + Z (mq,m2 : integers). (3.43)
(m1,mz2) (m1+%,m2+%)

The necessity of summing over both (int,int) sites and (half-int,half-int) sites stems
from the fact that in the symmetric choice of a4 the lattice SUSY transformation can
essentially be regarded as a mapping from (int,int) to (half-int,half-int) or vice versa,
due to the non-commutativity associated with #4 and £4. The simplest action with mass
and interaction terms can be given by a N' = D = 2 Dirac-Kéhler twisted analog of the
Wess-Zumino model [[[g],

K, =3+, F*:%<1>*<I>+%<I>*<I>*<I>, F, =

%5 « B+ %6* T+ . (3.44)

The total action Swy is accordingly given by,
SWZ = Skin + Smass + Sinta (345)

where the kinetic terms Syi,, the mass terms Spass and the interaction terms Sj.; are
expressed in terms of the component fields as,

Skin = Z/d49 D(z,04,04) x P(2,04,04)
- Z[ (0)808,0(0) + ix(@) 0) + i) At o) + D)) (3.0)

S = Z[ [ 0 00.04.82) (000,52 + [ 7 8(2.04.5) *%:,HA,?A)]

m ~

- [¢(x)¢§<$> + 3(2)6(x) — by (@) ()

xT

+o(x)p(x) + ¢(x)p(z) — x(z)x () + X(x)x(fﬂ)} 7 (3.47)
St = %ZU 020 ®(z,0,,04) * ®(z,04,04)  B(, 04,0)
+/d2§ B(,04,04) % D(x,04,04) *6($,9A,§A)]
= 52|+ ) — (o 0)600)

—p(e)x(z+a)x(z—a)+e(@)x(z+a)x(z—a)—x(z+a)x(z—a)p(z)
+x(zta)x(z—a)p(r)—x(z—a)p(e)x(z+a)+x(z—a)p(z)x(z+a)
)

+o(x)p(@)p(r) + (r)p(r)p(r) + ¢(x)p(x)p() |, (3.48)
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where we used the symmetric nature of the shift parameters (B.13), a; + a2 =0, a+a = 0.
One should notice that the kinetic terms (B.46) and mass terms (B.47) consist of the
component fields living only on (int, int) sites or (half-int, half-int) sites, which implies
that the field propagations are restricted only from (int, int) to (int, int) or from (half-int,
half-int) to (half-int, half-int) sites. On the other hand, the interaction terms (B.49)
involve both (int, int) and (half-int, half-int) sites. In particular, the Yukawa coupling
terms consist of the bosonic field at an (int, int) site and the fermionic fields at (half-int,
half-int) sites or vice versa.

The twisted N' = D = 2 SUSY invariant nature of the total action is manifest from
their superfield expressions, since the star products of the superfields satisfy the Leibniz
rule (R.27) which is also valid for a product of three superfields,

(@1 % Dok D3g) = 54Dy * Do % Dy + Py x G4 DPg * 3 + Py * Py x 54 P3. (3.49)

It is important to note that the above star product nature is implicitly inherited also in
the component-wise expressions. Actually, in order to be consistent with the star product
nature of the superfields which preserves the Leibniz rule, one needs to recognize that the
SUSY variation of each component field should be associated with the star product, for
example,

5a(d(x)p(x)d(x))=040(x) * d()P(x)+ () * Sad(x) * p(x)+p(2)p(x) * Sad(x). (3.50)

Since the component-wise SUSY variations are defined together with the Grassmann
parameter £4’s, one needs to take care about the ordering of the component fields in
showing the SUSY invariance, even though each component field is defined as an ordinary
bosonic or fermionic function. For instance,

04(d(x)d(x)) # 6a(d(x)o(x)), (3.51)

even though we have ¢(z)¢(z) = ¢(x)p(z). These properties of the lattice SUSY transfor-
mation laws essentially necessitates the notion of “proper” ordering in the component-wise
expressions. For this reason, we respected the orderings of the component fields in the
expressions (B.46)-(B.49). It is a straightforward task to verify that these proper ordered
component-wise expressions for the action (B.44)—(B.4§) are manifestly invariant under all
the N'= D = 2 twisted SUSY transformations on the lattice.

We note here that the notion of “proper” ordering in the component-wise expression
has been already argued in ref. [{, [f] in replying to the critiques claimed in ref. [f], and now
we are revisiting this issue again with the star product formulation at hand. It is obvious
that the necessity of “proper” ordering stems from the intrinsic non-commutative nature
of the star product defined in (B-§) and is ultimately originated from the nature of the
Leibniz rule for the difference operations. Now the question is how this kind of “proper”
ordering can be survived or respected in the quantum treatment of the formulation. This
is actually the main subject of this paper. We anticipate the result and claim here that
respecting the “proper” ordering essentially corresponds to picking up the planar diagrams
in the perturbative expansions. Developing the superfield formulation, we will explicitly
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see in section 5 that in the planar diagrams all the phase factors which stem from the
non-commutativity strictly protect the SUSY structure on the lattice and give the exact
SUSY result. In other words, the above notion of “proper” ordering can be preserved and
respected in the planar limit or in the ‘t Hooft large-INV limit. Thus, the exact SUSY w.r.t.
all the supercharges at non-zero lattice spacing is achieved in this limit.

We also note some important properties of superfield integrations under the z-
summation (B.43). For the kinetic term or the D-term, we have,

Z/d496*q>:z/d496<1> = Z/d49<1>$, (3.52)

which stems from the vanishing sum of the shift parameters (B.11)). For the F-terms in
particular for the mass terms, we have,

Z/cﬂe Py x Py = Z/cﬂe PPy = Z/d% o dy, (3.53)
> [T = [#00.3, - Y [ E, (3.54)

thanks to the symmetric choice of the shift parameter (B.19). Namely, the kinetic and
mass terms can be written without the star product under the z-summation (B.43). This
is a preferable feature for the superfield formulation, particularly in deriving the superfield
propagators as we will see in the next subsection. For the interaction terms, we have the
cyclic permutation property for the (anti-)chiral superfields,

Z/d29¢1*<1>2*<1>3:Z/d29<1>2*<1>3*<1>1 — Z/d29¢3*<1>1*<1>2, (3.55)
Z/d@@l % Oy % Py = Z/d2§§2*53*§1 = Z/d2§53*§1 * Do, (3.56)

which is again thanks to the symmetric choice (B.19). Actually, one can show that the
equalities in (B.5J) and (B.5§) hold only if one takes a; + ag = 0. Likewise, the equalities
in (B.54) and (B.56) hold only if one takes a +a = 0. This technical advantage is the main
reason why we take the symmetric choice (B.12).

Although the summation defined in (B-43) is already sufficient for ensuring the SUSY
invariant nature of the total action, in the following for the technical convenience in the
momentum analysis, we will conventionally take the z-summation to cover (int, half-int)
and (half-int,int) sites as well,

Z: Z + Z + Z + Z . (m1,ms :integers). (3.57)
x (mi,m2)  (mi+4,me+3)  (mit+g,m2)  (mima+y)

Namely, we consider a finer lattice which can be measured by half of the unit length. Ac-
cordingly, the field propagations are now also allowed from (int, half-int) to (int, half-int)
and (half-int, int) to (half-int, int) sites. Notice that the lattice action defined by the a-
summation over (int,int) and (half-int,half-int) is totally independent from the one given by
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Figure 2: Configuration of the superfields in the action subject to the z-summation ()

(half-int,int) and (int,half-int) in the sense that they are not correlated each other neither
dynamically nor supersymmetrically. The multiplicity of the superfields introduced so far is
summarized as follows. The SUSY invariance essentially requires the (super)fields defined
on both (int,int) and (half-int, half-int) sites as in (B.43). This causes the field multiplicity
of factor 2. Furthermore, as explained above, we conventionally introduced a trivial mul-
tiplicity of factor 2 which stems from the summation (B.57). The entire multiplicity of the
superfields originated from the z-summation is then

2(SUSY) x 2(conventional) = 4. (3.58)

We observe that the lattice action subject to the z-summation given in (B.57) describes
four copies of the D = N = 2 twisted Wess-Zumino model in the naive continuum limit.
We will come back this point when dealing with the momentum space analysis of the
superfield propagators in the next section. The lattice superfield configuration subject to
the z-summation (B.57) is depicted in figure [J.

3.3 Superfield propagators

Having defined the N' = D = 2 twisted SUSY invariant action on the lattice, we shall
proceed to set up the technical ingredients requisite for studying the possible quantum
corrections. We shall take a full advantage of the lattice superfield method and intend to
calculate the radiative corrections entirely in the superfield method. In what follows we de-
rive the superfield propagators on the lattice. The notion of superfield propagators was first
introduced in [[(4, [[§]. The derivation in this section basically follows the same procedure
as in the continuum spacetime [[3, [[7] or in the Moyal non-commutative spacetime [[[9].
We start from the free part of the tree level vertex functional, which we shall denote as
['o. It is given by the free part of the lattice action (B.45). Using the relations (B.26), we
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express it in terms of ® and @ in (B27)~(B23),
_ — _ m I
To[®,®] = ;/d‘le (U@ « U 2)® + 5;[/% <I>’<I>’+/d26 @’@’} (3.59)

- Z/d‘*@ (U 2%® «U?) + % ZU a0 &'’ + /d2§ 6’6’}, (3.60)

where the U is denoting the difference expansion operator defined in (B.20), and the Grass-
mann integration measures are again defined by d*f = d@déd@ldﬁg, d?0 = df,dh, and
d?0 = dfdf. The corresponding connected Green’s functional, which we denote as W, is
defined by the Legendre transformation,

Wo[J,J] = Lo[®, @] + Z[/ 4?0 Jo + /d2§ 7’6’}, (3.61)

where J' and J denote the chiral and anti-chiral source superfields which obey the same

conditions as ) and @ 3.25), respectively,
dit o' (B.24 do

557 0.0 = £ T . 04)]. = 0, (3.62)
[5”%77,(x7§A)]* =0, (1 : no sum). (3.63)

The Legendre transformation (B.61]) gives rise to the relations between (.J/ ,7/) and (9, 3),

oo B , 6 R

W _— _J 9 E — J 9 (3-64)
Wy oWy —

57 o' 57 = d. (3.65)

The superfield propagators for ®" and @' are defined in terms of the functional derivatives
of the connected Green’s functional w.r.t. the source superfields (J’ ,7/),

2
@) = G Wld T = @), (3.66)
— , _ 52 — 5 , .
FOHE) = oWl = @ T), (3.67)

where the arguments 1 and 2 refer to each superspace point. In the second equalities, we
used the relations (B.65).

In order to calculate the superfield propagators, we first need to write down the 1.h.s.’s
of the relations (B.64) explicitly, and then solve them w.r.t. ®" and 7. By functionally
differentiating the expressions (8.59) and (B.60) by ®" and 5’, respectively, we actually have,

/d2§(” U2(1) « @ (1) U2(1) + m®'(1) = —J'(1), (3.68)

/

/d29<l> U~2(1) % ®/(1) * UX(1) + md'(1) = =7 (1). (3.69)
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In deriving them, we made use of the functional differential relations for (@’ ,6’),

50 (2)
30 (1)

0P (2 1) -
= 020 02 (01 — 0, 56’21; = 3<1>,m<2>52(9( -

2)

), (3.70)

where (5:%(1) »(2 denotes the two dimensional Kronecker delta, while the delta functions for

the Grassmann coordinates 62(() — #(2)) and 62 (5(1) — 5(2)) are defined by

20 — o) = TT6 - 6%y = (6" — 615" — 657, (3.71)
A
—(1) =2 (1) S(2 ~ ~
2@V — %) = TIOY -85 = (60 —62)@® - 4. (3.72)
A

Operating U?  from the left and *U~2 from the right on (§:69) and taking the d?0
integration would give

AZP/(1) + m / 28Y U2(1) « T (1)« U-2(1) = — / 28N U2(1) £ T (1) « U=2(1), (3.73)

and the similar expression for (B.6§) by operating U~2x from the left and *U? from the
right. In (B.73) we used the following relation which can be verified explicitly,

/d2§ U? « U POU2 %D (2,04) * UQ] « U2 = A2 (2,0.4). (3.74)

By substituting (B.6§) into (B.7d) and solving it w.r.t. ® we then obtain

—1 25(1) 72 ~/ 2 m
(1) = W/d 9 U T WU+ g 6T)
Likewise we obtain for 3,
i —1 29(1) 77—2 2 mo
(1) = W/d 00 U2(1) x J'(1) + U(1) + N W B0

By functionally differentiating the relations (B.74)-(B.76) w.r.t. the source superfields J’
and J and using the definitions (B-6d)—(B.67), we finally obtain the superfield propagators
which are given by

1 2 m
<<I>’(x(l),954))<I>’(x(2)7054))> = m5§<1>,x(2)52(9(1) _ @)
i
2m d2p a4y @ —m
= ip(z) —z )752 9(1) _0(2) 377
/—27r (477)26 sin? Pu + m2 ( )7 ( )
_ (1) — (3 ™ b
@ (@0,8)8 (.87 = W@D,x@)a%e( )7
27 d2p in(z(D) _2(2) -m o (1) =(2)
_ /_27r e @ 1), 67
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_ _ -1 .
@/(x(l)’ 9%1))@/@(2)’ 9(2))> _ e+zE}}2)A}}) 52

A A/% _ m2 m(1)7m(2)
T D e =B sinpy
= 5€ ——, (3.79)
_ox (47) sin® p,, + m?
1)\ (2) -1 iECU AWM
(@', 003 (2?,8)) = A7 ¢ B B 55,(1)@(2)
m
[T ip(D —z @) et B sinpy
_ e . (3.80)
_ox (4m) sin®p, +m

where the symbols E('?) and E®Y are defined by Eﬁj) = 9@9}3) + eu,,é(i)H,(jj) for
1,7 = 1 or 2. In each second line of these expressions, we inserted the momentum space
representation of (53(1) 22

27 2
d°p i) _p®@
63:(1),1'(2) = /_27r (27T)26p( ) (381)

Notice that the the range of the Brillouin zone is 47 for each direction since we introduced
the superfields located on the half-integer sites for each spacetime direction. Within that
range of the Brillouin zone, each propagator (B.77)-(B.80) has superficially 16 spectrum
doubling, namely, 4 species for each direction.

It is important to recognize that the entire doubling is originated from the two reasons.
The first one is due to the x-summation over the half-integer sites (B.57). This can be
regarded as a trivial multiplicity as far as the superfield propagators are concerned, since
the field propagations are only restricted from (int,int) to (int,int), (int,half-int) to (int,half-
int), (half-int,int) to (half-int,int) and (half-int,half-int) to (half-int,half-int) sites. In the
configuration space, this is clear from the fact that each term in the kinetic action (B.44)
consists of (int,int), (half-int,half-int), (int,half-int) or (half-int,int) sites. In the momentum
space this feature is reflected to the 27 periodicity of the integrand in each propagator
except for the exponential factor. In fact, starting from the above expressions of the
propagators (B.77)-(B.80), one easily sees that there are no correlations between the integer
and the half-integer sites for each direction. For instance, the propagator (B.77) can be
re-expressed as

(@ (M, 60’ (2@, 6F))) (3.82)
T 2 ) _
{/ <§l e T 800 — 0, o o) — ol = (g, ma)
= _r (2r sin“p, +m

0, otherwise

where mq and msy denote any integer values. Note that the range of the Brillouin zone
for the non-vanishing propagator is now taken as 27 since the integrand is actually 27
periodic. In deriving this expression, we divided the momentum regions into two of 27
and made use of the 27 (anti-)periodicity of the exponential factor @ =2?) The other
propagators (B.79)-(B.80) also have the same feature. This observation implies that the
factor 4 in the entire multiplicity due to the z-summation over half-integer sites are just
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corresponding to the four copies of the physically equivalent momentum regions as long as
the propagators are concerned.

In contrast, the rest of the spectrum doubling which still remains in the propagators
has a non-trivial physical meaning via the D = A/ = 2 Dirac-Kahler mechanism. This stems
from the fact that the chiral and anti-chiral superfields (&', 5’) contain the components of
the Dirac-Kahler twisted fermions (x,1,, X) which turn into the corresponding staggered
fermion components on the lattice. In this procedure, the extended N' = 2 SUSY index
can be regarded as Ny = 2 flavor (taste) index via the Dirac-Kéhler expansion of the
component fields on the lattice,

§ai() = (Ix(x) + v u(z + nyu) + 15X (T + 11+ 12))ais (3.83)

where the suffices « = 1,2 and i = 1,2 are representing the spinor and the internal indices
of N' = 2 twisted SUSY. This procedure has been already pointed out in [[I] and it resolves
the multiplicity of 4 into 2(spinor) x 2(N = 2). In order to see how this mechanism is
incorporated in the present superfield formulation, it is instructive to derive the propagators
for the component fields in terms of the &,; basis which is given by

(ai(zM)E;5(z?)) = (Ix(zM) + 7,100 (@D +1,) + %@V + 11+ n2) )i
X (1x(z®) + 7,0, +1,) — 15x(@@ + 01 +n2))js),  (3.84)

where ¢ is defined by the transpose of &, € = ¢T, and the Yu matrices are given in (B4).
Since £4; is made up with the component fields located in every corner of the square with
one integer lattice spacing each side (B.83), the locational separation |z — @) in terms
of &,; should be taken as even number for each direction. This implies that the physical
range of the Brillouin zone for £,; should be restricted as 7 instead of 27 for each direction.
Fach correlation function for the component fields can be obtained by differentiating the
corresponding superfield propagator w.r.t. 8’s, for instance,

o 0 = — (1) _(2)].
(1) (2) — (1) 1¢..(2) |z ') |:even
<X(.Z' )wﬂ(‘r + n#)> - 89(1) 80£2) <CI) (‘T 79.4)@ (‘T + nuv 9A)>’9A25A=O
-z (2m)? sin? p, + m?2’ :
Making the use of the completeness relation for the v, matrices,
(1)i; (V) + (vw)ig (V) wr + (95)i5 (v5) k1 = 2031051, (3.86)

one obtains the following expression of the propagator for the £,; basis,

5 2
(Eai (3 5(2?)) = / P w1

x (2m)2 sin® p, + m?2

x> [(%)aﬁ%‘ sinpy — 2i(75)as(V57)ij Sin” pp — Mogij |, (3.87)
I
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where the mass matrix M,g;; is given by

Mag,ij = 2m[0ap(75)ij cos p1 cos p2 + (75)apdij sin i sin ps
—i(71)ap(72)ij cos prsinpy + i(72)ap(71)ij sinpr cospa].  (3.88)

The integrand in (B.87) can essentially be regarded as the momentum space expression of
the two dimensional Ny = 2 staggered fermion propagator in terms of spin-flavor(taste)
basis. Notice that because the range of the Brillouin zone is 7 for each direction, we
do not have any spectrum doubling in this fermion basis. Also note that thanks to the
manifest superfield formulation, this mechanism also provides a physical interpretation for
the spectrum doubling in the bosonic sector. To summarize, the entire multiplicity which
is 16 can be decomposed into,

16 = 4(Dirac-Kéhler) x 4(z-summation) (3.89)
= 2(spinor) x 2(N = 2) x 2(SUSY) x 2(conventional), (3.90)

where, as we have seen, the factor 4 (z-summation) can be regarded as the trivial multi-
plicity as far as the propagators are concerned, while for the factor 4 (Dirac-Kéhler) the
Dirac-Kahler mechanism plays a physically substantial role.

Having known the origins of the spectrum doubling, we divide the entire Brillouin zone,
—21 < p, < 27 (p = 1,2), into 4 x 4 = 16 physical momentum regions by following the
similar manner as in the staggered fermion momentum space analysis Bq] (see figure B),

Pu = ku+2(mK)u + (7L) with — § <k,< § (3.91)
where the mx and 7y, respectively with four indices, K, L = 00,10,01, 11, are defined by

oo = (0,0), mo = (m,0), 71 = (0,7), w1 = (m, 7). (3.92)

In (B.91), the 27 spans the entire momentum space into four copies of physically equivalent
momentum regions which corresponds to the multiplicity of 4(z-summation), while the 7,
further spans each regions into four smaller regions which corresponds to the multiplicity
of 4(Dirac-Kéahler). The Fourier transformations of the superfields are accordingly given by

2T d2
O'(x,04) = e d (p,04) = el kT2t TLe g (K, 0 :
wo = [, e veon = ¥ / (k04). (3.95)
&’ n °n d2p zm n % dk z T TL)TEH n
 (2,0.4) :/ e 0.0,) - E:/ﬁ e (.04). (399)
KL’ %

where the superfields in the momentum space with indices K and L are defined by
s (k,04) = ®'(k +2mx +71,04), Prp(k,04) = @ (k+ 21k +71,04). (3.95)
In terms of the superfields (9 L,EIK 1), the propagators are given by
(@t (KD, 0900y (6P, 05))) = (47)20 1) g0y 10> (K + £2)

M 200(1) _ (@)
szkgqua(e 6@, (3.96)
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= —(1)\= —(2
@z kD, 80 B po (2,09) = (47)20500) g8 @0 (kD + k@)

+52 @ —a®y, (397
sin2 k' +m?

— —(1

@z (kV,85) e (K09 = (47)26 1) @0 L8 (B + £)

e—E,(}Q) sin (k+27rK+7rL),(})
X — : (3.98)
sin?k,,’ + m2

= —(2
< ,K(1)L(1)(k'(l)y92))¢}{(2)L(2)(k(2),954))> = (47)25[((1)71((2)5L(1)7L(2)52(k7(1) +k7(2))

e—i—E,(fl) sin (k+27rK+7rL),(Ll)

X . (3.99)
sin? k,(}) + m?

Since the momentum range for k is defined from —F to §, these propagators (B.96)-(B.99)
do not have any spectrum doubling in each physical momentum division. Notice that the
propagators are diagonal w.r.t. the indices K and L. namely, each physical momentum
division is not mixed up each other while propagating. Also note that as far as the internal
lines are concerned we are still practically allowed to use the notation p and to integrate
over the entire momentum region from —2m to 27, keeping in mind that all the 16 physical
momenta are actually contributing to each internal line. This is because the k, mx and 7,
always come up together and we eventually sum up all the momentum divisions 7 and
7, for each internal momentum k.

3.4 Three-point vertex functions at tree level

After deriving the superfield propagators, we then turn to consider the superfield three-
point vertex functions. In contrast to the kinetic and mass terms which can be expressed
without using the star product (B.53)-(B.54), the interaction terms cannot be free from the
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non-commutativity stemming from the star product. Namely, the physical implications
originated from the non-commutativity in this model are essentially inherited in the

three-point vertex functions. In what follows we derive the superfield three-point vertex

functions at tree level which we denote T’ gf;;) and T gf;;). We start from the tree level

vertex functional for the interaction terms expressed in terms of ® and @ in B27)-(B-29).

It is given by,
Ding = %Z[/dze Q/*<I>/*¢/+/d2§5/*§/*5/]. (3.100)
X

In order to properly take into account the effect of the star product, it is the most
appropriate to Fourier transform the superfields not only to the ordinary momentum
space p, but also to the momentum counterpart of the Grassmann coordinates 64 and 04
which we shall denote as x4 = (x1, x2) and X4 = (X, X),

D' (z,04) = /dp/d2)< ePTeXA0A (p y 4), (3.101)
T(w.0a) = [dp [ et sT o, x), (3.102)
where we used the abbreviations for notational simplicity, f dp = Egﬂ%g,

[d*x = [ dxadxi and [ d*x = [ dxdx while x40 = X161 + x202 and X404 = x0+X0. It
is understood that the momentum p, should be decomposed into the physical momenta k,,
via the relation (B.91]) whenever necessary. In terms of the expansions (B.101)) and (B.109),
we have for the three-point interaction term in the ®’ sector,

Z/dQH D' (x,0,4) % D' (x,04) * D' (x,04)

3 -
= Z/d29/Hdp(l)d2x(Z) eip(l)xeXS)GA * eip(2)$e)(£42)9,4 * eip(g)weXS)GA
T =1
1 2 3
<@ (P, ) (p® e (0@ x D), (3.103)
and the similar expression for the ® sector. The exponential factors in the r.h.s. of (B109)
can be evaluated by using the definition of the star product (2-3),
eip(l):cexgl)e,q * eip@):cexf)e,q * eip(3):cexf43)€,4

(1)—p(2) —p(3) 2)p(1) —p(3) 3)p(1) (2 .
_ e(XA P P +x & P P & P P04 el(p(1)+p(2)+p(3))x7 (3'104)

where in the r.h.s. we introduced the notations for the “dressed” xa’s defined by, for
instance,

Xf)p(l)”@) = Xf)emf“(p(l)+p(2)) = Xf)ei(“"‘)“(z’(l)”@))“, (A :no sum), etc.. (3.105)

The a4 is denoting a4 = (a1, az) for the ® sector. It is clear that the phase factors in the
“dressed” form of the Grassmann variables are originated from the non-commutativity in
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the configuration space. After integrating d?6 and summing over x and then putting back
the inverse Fourier transformations,

,XA Z d29(Z ) —ip@Dz(®) _X(l)g(l) /($(z)’91(4l)), (3106)
;p(l)

we obtain,

Z/d29 D' (2,04) x D' (2,04) * D' (x,04)

ST T o 50

(D) £(2) z(3)

1_<3> (2 (@) 3 1 2 3
< [Te% —6A>><054>p —69) 2, 0)2(® 670,67, (3.107)
A

where we introduced the notations for the “dressed” f4’s in a similar way as in (B.109),
, , 2)
9(1)p(2) 91(41)6“1’41)(2) = 91(41)62((1’4)“1)“2 , (A :nosum) etc.. (3.108)

We shall give several technical remarks regarding the expressions (B.107) and (B.109).
The symbol 6%(...) in (B-I07) is denoting a two-dimensional periodic delta function mod
47 for each direction which obviously stems from the z-summation over integer and half-
integer sites. Compatibly, the phase factors in the “dressed” #4’s (e.g. (B.108)) have also
47 periodicity for each direction. This is clear from the fact that in the symmetric choice
each a4 takes the value of +1 for each direction (B-13). The 64 factors in (B-107),

[TV —6?) ana  [L64" —69) (3.109)
A A

are describing the delta functions for the Grassmann variables with the supports,

9(1) —i(a1).p —9? 9(1)e—z(a2)upﬁ):9(2)

175 02 and 0e i(a)up)” =0, oe i(a2)upll) =03,

)

respectively. It is worthwhile to note that each 64 factor has the following convenient
nature thanks to the symmetric choice, a1 + ag = 0,

[0+ —6@) = (o eitanuni? _ g@) (gD eitedurl” _ o)

A
= e_i(al"‘@)ul’l(ig)(@gl) — 9%2)32(‘11);47# )(6’(1) 0(2)32(‘12)%7&3))
= o 6@, (3.110)
A
and in a similar way, we have [], (6’(1)”( L 0 ) HA(H(l - 0( ) p(2)). One can use

the above properties of the 04 factors together with the momentum conservation mod 4x
wherever they are convenient or necessary in the intermediate calculations.
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Let us now derive the three-point vertex functions Fgg’;) and F(tree) by functionally
differentiating the vertex functional (B.10() w.r.t. ® and 3 , respectlvely. Using the ex-
pression (8.107), we obtain

o)

ree 1 2
D (0, 60,2, 62,019 49
53Fint

50 (2, 0060 (22,060 (2, 91

/Hdp =i @O 52 (,0) @) 4,6

x 2 [H(e(”p“’) — 6Dy g +H D7 g2y — gDy (3.111)
A

Likewise for I'g55 we obtain,
ree 1 2 3
P (@™, 0%)2@,09:2@,09)
53F1nt

58 (), 0D)6F (22,0258 (21,81
3

_ / [ ap® =+ 4020 52,001 40 ¢ 8
i=1

_ (3) — (2) (3) (2)
[ @ — gy - a +H g _ @@ _ gl (3.112)

(NS

p(3)
where we introduced the notations for the “dressed” 6 4’s defined by, for instance, 02) =

HS) @ap® — 5541)6’(“14)“”“ (A : no sum) with @4 = (a,a). In deriving these expressions, it
is convenient to use the cyclic properties of the superfields (B.5)—(B.56). It is important
to remark that in the continuum limit, the phase factors in the “dressed” @4’s and 04’s
become unity, so that the factors in the square bracket in the vertex functions (B.111))
and (BI113) are reduced into the ordinary delta functions, 262(8(1) — ()52 —9(3)) and
262 (5(1) - 5(2))52 (5(1) - 5(3)), respectively. On the other hand, on the lattice, the first and
the second term in each square bracket give rise to the opposite phases each other which
essentially stems from the non-commutativity between the superfields, ®'(1) * ®'(2) #
®’(2) * ®'(1), etc.. This feature is implying a crucial distinction between the coherent and
non-coherent multiplications of the phase factors in the perturbative calculations. In the
next section, by investigating the matrix valued Wess-Zumino model, we will explicitly see
that it corresponds to the distinction between the planar and non-planar diagrams.
Before finishing this subsection, we note again that in the above expressions, whenever
the physical external lines are concerned, the momentum p(¥ should be understood as
the physical momentum plus corresponding momentum region p® = k(®) 4+ 2T ey + T
as defined in (B.91]). The momentum integration should accordingly be regarded as the
physical momentum integration summed up over all the divisions mx and 7 ¢, f dp(®) =

+3 @20 . . . ;
ZK(i),L(i) f_g %. In contrast, as far as the internal lines are concerned, since k), g (i)
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and 7, ;) always come up together and we eventually sum up all the momentum divisions
T and 7wy for each internal momentum kD we are practically allowed to use the
notation p( and to integrate over the entire momentum region from —27 to 27, keeping
in mind that all the 16 physical momenta are actually contributing to each internal line.

4. N = D = 2 Wess-Zumino model with global U(N)

Since we have derived the propagators and vertex functions, it is now straightforward to
investigate the possible radiative corrections for the lattice Wess-Zumino model (B.49).
However, as we have mentioned in the last subsection, the non-commutativity of the su-
perfields may come up with the crucial distinction between the planar and non-planar
diagrams, corresponding to the coherent and non-coherent multiplications of the phase
factors, respectively. In order to look at this aspect more carefully, it is appropriate to
consider a possible matrix extension of the model (B.45). In this section, we introduce a
N x N matrix version of N'= D = 2 twisted Wess-Zumino model which possesses U(NV)
global symmetry. We explicitly study the one-loop (in some cases any loops) quantum
corrections to the lattice action. The model of our interest is given by

Swz = S+ Simess S (4.1)

with
SN = Z/d40 Tr  * ®, (4.2)
Sﬁaxsévz%Z[/dQHTrCIw(I)Jr/d@TrE*E}, (4.3)
S{XtXN:%Z[/d%Tr(I>*<I>*<I>+/d2§Tr$*$*$], (4.4)

where the matrix (anti-)chiral superfields are defined by ®(x,0,0) = ®*(x,0,0)T* and
B(z,0,0) = B (x,0,0)T* with the hermitian generators 7% (a = 1,..., N?) of U(N). The
action is obviously invariant under the U(V) global transformation,

®(z,6,0) — QP(x,0,0)07",  B(x,6,0) — QP(x,0,0)Q7", with Qe UN). (4.5)

Since all the terms are expressed in terms of the star product, the action is also manifestly
invariant under the N’ = D = 2 twisted SUSY transformations,

040" = [£aQa, %4, (4.6)

where the supercharges Q4’s are given by (B.13)-(B.14). Deriving the component-wise
SUSY transformations for the matrix superfields is just in a straightforward manner. Notice
that the cyclic permutation property of the superfields under the trace is compatible with
the cyclic nature of the star product listed in (B.53)—(B.5). One can follow exactly the

— 925 —



7{1 """" P ,22 552551 — —-m 52(9(1) _ 9(2))
1" sin® p, + m?
(1) 7(2)
_jl_e ______ 2______8_ J2 —-m 1) (2
i is 5)25]1 52(0( ) _ 9( ))
"2 gin p, +m?2
7 (2
PR o~ sinp, i
6260 ————  with E(? =9192 +¢,,0003
172 gin pﬂ+m2 K H
S p 5(2) (21)
T e e J .. ptEy 'sinp -
> i gt £ with EQY = 0290 4 ¢, 6200

sin? p,, + m?

Figure 4: Feynman rules for superfield propagators for the U(/N) Wess-Zumino model in the matrix
notation (@) : the momentum p,, should be understood as (k + 2mx + ), if external lines are
concerned.

same procedures as given in the last section, and derive the corresponding Feynman rules
for the matrix action (.1)). If one employs the matrix index notation of the superfields,

o/ =oU(17)/, B/ = T/, (4.7)
the U(N) matrix extension of the functional derivative relations (B.7() are expressed as
L
6®;,%(2)

08.7(2) 1) 52
: 2 i1 572 52 5207 —07). (4.8
5@;1]1 (1) ;1;(1) x(z) ( ) ( )

i 2/9(1 2
=4 16J1 5 W) 50 (00 —6®), (@;11'1(1) i2°1

x
The superfield propagators and the tree level vertex functions for the AV = D = 2 Wess-
Zumino model with global U(NN) are summarized in figure f| and .

Let us first calculate the one-loop self-energy diagram shown in figure | which we

denote F(l loop) Up to some overall numerical factors, it is given by

(1 loop N 2 Z Z /dq/d2 d29(4 d20( )d20(6)

13716 J3~J6

[5% 51 576 H(eg)—(P-I-Q) _ 91(5))(921)—!1 . Gf))

e 3
A

+ 56 571 578 H(eg)p+q o 955))(01(41)!1 o Gf))]

11 13 ie
A
< 5| ool TIOF ™~ o)) @ - )
B
NPT | (G 1 e 9<5>)]
B
(43) sin _g®9 sin
X 5j4 J3 et Bu (P+a)s jo sjs © P n (4‘9)

i3 i sin?(p + Q) +m? i5 76 gin?2 qu +m?

where again Effj) = 9(")99) + Euyé(i)ez(jj) and [ dgq = —272T7r (Z:)IQ‘
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Figure 5: Feynman rules for the superfield vertices for the U(N) Wess-Zumino model in the matrix
notation ([.7): the momentum pﬁf) should be understood as (k + 27 + mp )y if external lines
are concerned.
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a'—->_"~\
Js,’ .’ \\\ Ja
I 7(4)‘i
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16 ‘\ S
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q

Figure 7: Planar contribution to F(l loop)

After contracting the matrix indices, one finds that the one-loop self-energy I‘(lq) loop)

can be divided into two parts: the planar part (figure ) and the non-planar part (figure f),

(1-loop) _ 1 (1—loop) (1—loop)
F<I>5 I‘<I><I>(planaur) - F<I>$(non—planar)’ (410)
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Figure 8: Non-planar contribution to F(l loop)

which are respectively given by

2
p=loop)  _ sia s 94N / dq / 2203 26 428 42(6)

PP (planar) 11 12
x [H(@S)—(IHQ)_955))(92%4_95))H(e@) 9(4))(9(2) (p+9) 9(5))
A B
+H 9(1 p+q (9(1) 9(3)) H(0(2) g( ))(0( )p+q 6(5))
A B
B
e—l—E’( )sm(p—l—q) —E(56) sing,,
X . -, (4.11)
sin? p+q) +m?2sin®q, +m
(1—loop) 20 27(4) ;25(5) 2
Fﬁ(noﬁ_plaw ol 55; 1 / dq / 203 a6 426" 4?6
1)— - 4 2)p+ —(5
X[H(H() o) _ ) g0=1 _ @\ TT D — ) @27 — 5%
B
+ H 9(1 p+q (9(1) 91(5’)) H(e@) 0(4))(9(2) (p+9) . g(g))
B
—i—E( )sm(p-l—q) _g5% sing
e H & e H a3 (412)

% sin?(p + q), +m?sin? g, + m?2’
Note that the planar part has a factor N which stems from the trace of the matrix indices.
One can define the t Hooft large-N limit [21]] by rescaling the coupling constant g2, namely,
by taking N — oo with A = gzN fixed. In this large-N region, the non-planar contribu-

tion ([13) is suppressed by O(+) while the planar contribution (1)) is order of O(1).

(1—1loop)
&P (planar)

integration, the first term in the square bracket in () gives rise to the following argument

in the exponential,

We shall first evaluate the planar contribution F After performing the 6

[9(2)—@;81)—(1_1_ euyé(z)_QH,(,l)_q]sin(p—l—q)u—[H(Z)_(p+q)9l(})_(p+q)—|— EWQN(?)—(HQ) o)~ (PH+a)sin Q
= [9(2)98)6—@'% +e,w9~(2)9,(,1)e+iq“]sin(p+q)u _ [9(2)9£L1)e—i(p+q)u +eu,,6~(2)9,(/1)e”(p”)”]sin U
= [9(2)9}}) + eu,,é(m@&l)] sin p,

= El(fl) sinp,, (4.13)

where we used the Leibniz rule conditions (B.9) from the first to the second line. It is
straightforward to show that the second term in (f.11]) also gives rise to the same factor
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after the Leibniz rule conditions are imposed. The planar contribution to the one-loop

)

self-energy diagram ng 109P) i thus given by,

27
P(l—loop) _ 9 N5]25]1 +E3Y sinp,, / (dzq 1 1 . (4.14)

®d(planar) 2 _on 47'(')2 sin? (p + (])u + m? sin? qu + m?

Since the superspace coordinates are exclusively encoded only in the exponential factor
B sinpu iy (E14), the N = D = 2 twisted SUSY invariant nature of the kinetic part
of the action (B.44) is strictly protected at non-zero lattice spacing as long as the planar
diagram is concerned. In other words, the supercoordinate structure and matrix index
structure in the superfield propagator (®'(1),] g (2 (2) 2”) remains unchanged even after the
planar one-loop contribution is taken into account. The numerical factor in (|l.14) which
stems from the ¢g-integration may be absorbed into a wave function renormalization. These
procedures are completely analogous to the ones in the continuum theory [[4, [[d, [7.
Notice that these remarkable features are originated from the coherent multiplications of
the phase factors €’®4P in the planar diagram as shown in (f.1J). In contrast, as one can
imagine, the non-planar diagram FEI)% (IZZE)—planar)
to the non-coherent multiplications of the phase factors. Actually the first term of ({.17)

would give rise to the argument of the exponential as,

does not have these favorable features due

[Pagt)—a EWQN(?)qQI(/l)—q] sin(p + q), — [p@Prag)=(pta) 4 Ewé(?)pﬂg(l)—(pﬂ)] sin g,
= Ef?l) sin p,, + 2ia - (gsin(p + q), — (p + q) sinp,) (0PN — ¢,,020M) + O(a?),(4.15)

while the second term of ([.13) yields the argument with the opposite phases,

[p)—agDa 6W@’@)—qgl(/l)q] sin(p 4 q), — [p)—(ta)g(ipta Ewé(?)—(ﬁq)g(l)pﬂ] sin g,
= E;(fl) sinp,, — 2ia - (¢gsin(p+q), — (P +q) Sinpu)(e(z)e(l) - ewé(z)@,(/l)) + O(a?).(4.16)

Although the O(a) contributions are canceling each other, the non-planar diagram would
generically spoil the SUSY structure at O(a?). In the 't Hooft large-N region, however,

these SUSY breaking contrlbutlons in F((I)lq) (lsg? planar) 2T€ suppressed by O(a?/N), since the

coupling constant g2 scales as +. We thus state that at one-loop level, N' = D = 2 twisted
)

SUSY is strictly protected at non-zero lattice spacing in the self-energy vertex F(l loop
only in the planar limit, or equivalently, in the 't Hooft large-IN limit.
We next evaluate the one-loop correction to the vertex function I'pe (figure f]) which

is given by

Fl loop) 2 Z Z /dq/d2 3) 1294 42(5) 429(6)

13716 J3~J6

x5 {533 ol ale T~ =606 " - )

A
+ 536 5531 55: H(eg)zﬂrq 9(6))(9( Ja 95’))
A
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Figure 9: One-loop correction to the vertex function I'gg

9(3) o4

i o) 02
9(6 0(5)

Figure 10: Planar contribution to F((I,l(;loo")

Figure 11: Non-planar contribution to FSI};OOP)

10 e o o4 - -
< 5 |00 00l TTO8 - 008~ — )
B

+ 53;1 5]2 5]5 H(eg)q o 9%))(9(5)104‘(1 o 9(5))

i5 T4
B

—mé%(AB) — W) 570

—md%(H0) —9(0)

X 5]4 j3 J ]g) 417
13 14 sinz(p 4 Q)u + m2 5 i sin2 U + m?2 ( )
Following the same procedure as in I Ebg IOOP), we can divide the vertex diagram ng: loop)

into two parts: the planar diagram (figure [[() and the non-planar diagram (figure [[1]),
nglq:loop) _ I,(1—loop) )+F(l—loop) (418)

PP (planar dP(non—planar) -

After performing the 6 integrations, one finds that integrand in the planar diagrams is
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Figure 12: One-loop correction to the vertex function I'pae

proportional to,

P(l loop) O(H(el(ql)—(p‘fﬂ)_91(3)—(174“1))(91(4 9(2 H ptq 9(2 P+Q)(9(1) 9(2)Q)

PP (planar) A
A
= [100 — 6 — o) + [0 - 953))(953) ~6%)
A A
—0, (4.19)

where we used the relation a; + ao = 0 and factored out the overall phases along the
same procedure as in (B.110). We thus have the vanishing contribution from the planar
diagram. Note that this planar calculation is completely analogous to the calculation in the
ng: 100P) should vanish if the exact SUSY invariance was
really maintained. In contrast, the integrand in the non-planar diagram is proportional to,
after the 6 integrations,

—loo — _
FEI}@(HOE)—planar) (XH(@S) (p+9) 9(2)p+q)(9A _|_H 1p+q 9(2 —(p+9) )(91(41%1_ Hf) 9
A

=38 0%1)99)951)9&2) sin(ay - p) sin(ag -p) ~ O(a?), (4.20)

continuum spacetime. Namely,

which implies that the non-planar contribution generally spoils the exact SUSY structure
for the non-zero external momentum p. In the large-N region, however, this contribution
is again suppressed by O(a?/N) as in the case of Fg%(lzj?_planar). In a similar way, we
can show that the planar contribution to the vertex function of the anti-chiral superfield
F% loop) manifestly vanish with the same mechanism as the above, while the non-planar
diagram generically spoils the SUSY structure at O(a?/N).

Let us turn to the one-loop correction to the 3-point vertex function I'see (figure [12)

which is given by

Fq}q)éwp 3 Z Z dq/d29(4 d200) 3200 1200 429®) 429(9)

iq4~vig jar~jo

< 5|00 o ol TTOY ™+ — 000~ - 00
A
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Figure 13: Planar contribution to F((I,l(;ql,mp)

Figure 14: Non-planar contribution to ng:;)mp): we also have the diagrams with cyclic permuta-

tion of (i1, j1), (i2,72), (i3, J3).

5 T4

ool TTOS 0 - 000 — o)
A

1| i i i —(p) (2 —(p®)
y 5[524; 52 g0 T[(6Q0" 40+ _ g0 g~V +a) _ (0
B
L 2)p(1) £ (2) 6 2)p(1) 7
+ 55;3 5572 5267 H(H(B)p +pP+q 953))(91(3)17 +q 91(9))}
B
17 . 3y 3 3)— (p(D) Lp(®) 9
" 5[5g: 572 53¢ T (6 — o) (0@~ 40240 _ 00
c
e i 1) 42
- atsa o T[O—o 00 )]
c
x 616 57 —md*(0) — ) 578 577 —ma*(9") — 6)
w0 sin?(p) + q) +m2 T sin? (pM) + p@) + q), + m?
o ms2(009) — @)
« i g MO0 —67) (4.21)
o " sin®q, +m?
_ 1(1-loop) (1—loop)
- F@@@(plljanar) + F@@@(nl())n—planar)’ (422)

Following the same procedure as before, one can see that the planar contribution
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Fl—loop
PPP(planar)

tors turns out to be vanishing. Actually, after the §(*) (i =4 ~ 9) are integrated, it is

(figure [[J), which stems from the coherent multiplications of the phase fac-

proportional to,

Ty o [[(04) 7070 — gm0y (b =)
A
2)—(pM+ 3)—
><(9£;) (» II)_HEK) II)
+ H(HS)P(D-HI _ 91(3)10(1)-!-1!)(2)-1-!1)(91(41)4 _ 9542)17(1)+P(2)+Q)(91(42)P(1)+q _ 91(43)4)
A

_ H(QS)—q _Hf)—(p(2)+q))(92)—q _91(42)—(17(1)+p(2)+q))(ef)—(p(1)+p(2)+q) _91(5)—(17(2)+q))

A
(2) (1) 4p(2)
4 H(e(l)q _ 91(43)17(2)—’_(1)(6541)(1 _ 91(42)17(1)+p 2 +q)(9£12)p Vpp@Ptq 91(3)17(24(1)

1) 3)’ 1) 2)! 2)’ 3)’
= [T - o8 h" - o) - 65
A
1// 3// 1// 2// 2// 3//
8§ (GO U

=0, (4.23)

where from the first to the second line, we made use of the properties of the 64 factors
such as (B.11(]), while from the second to the third line in ([£23), we absorbed the phase
factors and redefined the 0 4’s,

91(41)’ _ 9,(41)_(17 91(42), _ Qf)—(p(1)+p(2)+q), ef)’ _ 91(5»)—(17(24(1)’ (4.24)

R N S

in order to emphasize the manifest nilpotency of QX),’S and HX) ’s. On the other hand, the

non-planar contribution I“(I)l(;éo(?li)n_planar) (figure [[4) turns to be proportional to

ngji()(?lz)n—planar) X 8951)952)953)951)952)953) [Sin ar - (p1 + p2)sinaz - (p1 + p2)
+sinaj - pysinas - p; +sina; - pasinasy - pg]
~ O(a?), (4.26)

which is not vanishing for the generic external momenta p™) and p®. In the large-N

region where the coupling constant g is proportional to

LN’
contributions to the tree point vertex function Fg;é)mp) are thus suppressed by O(a?/N 3 )

the SUSY breaking non-planar

In a similar manner, one can show that the planar diagrams contributing to the one-loop
1—loop
YY)

. (1—loop)
the same mechanism as F<I)<I><I>(planar)’

the SUSY structure at the order of O(a?/N %) in the large-N region just as in the case of
(1—loop)
I1<I><I><I>(non—planar) :

Let us summarize the above results for the superfield one-loop calculations at non-zero

three-point vertex function I' manifestly vanish at non-zero lattice spacings due to

while the non-planar contributions generically spoils

lattice spacing. We have seen that the mass m and coupling constant g in the twisted
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Figure 15: Feynman rule for the three-point vertex in the double line notation with the conserved
momenta [(*)

N = D = 2 Wess-Zumino model are strictly protected from the radiative corrections
in the planar diagrams apart from the wave function renormalization which stems from
the self-energy diagram ([.I4). On the other hand, the non-planar diagrams in general
give rise to the SUSY spoiling contributions although they are suppressed at least at the
order of O(a?/N) in the 't Hooft large-N region. The breakdown of twisted SUSY in
the non-planar diagrams is originated from the non-coherent multiplication of the phase
factors, which stems from the intrinsic non-commutative nature of the star product,
Oy x Dy #£ Py x 1. These features imply that the exact lattice realization of N = D = 2
twisted SUSY in terms of the present non-commutative framework is achieved in the
planar limit, or equivalently, in the ’t Hooft large-N limit. It should be emphasized that,
as we have seen in the above calculations, the loop calculations in the planar diagrams are
completely analogous to the ones in the continuum superspace calculations. Therefore,
we observe that, by further developing the lattice superfield techniques and following the
argument of Grisaru, Ro¢ek and Siegel [P9, a Dirac-Kéhler twisted N'= D = 2 analog of
the non-renormalization theorem may also be proven directly on the lattice in the large-N
limit. The result will be given elsewhere.

Before finishing this section, it is instructive to show within the current superfield
techniques that a certain class of planar diagrams manifestly vanish at any order of per-
turbation theory at non-zero lattice spacing. One can actually see that diagrams for I'gg
(Tee) and I'spe (Fpaps) manifestly vanish if the outer edges of the diagrams only contain
planar vertices and the propagators (®®) ((®®)). In showing such properties, it is con-
venient to employ the double-line notation with the conserved momenta {(9’s defined by,
pM) = 1) @) 52 = 1@ _16G) and p® = 16G) — V) Figure depicts the three-point
vertex function in this momentum notation. Figure depicts the class of manifestly
vanishing diagrams for the two-point vertex function I's¢, which is essentially proportional
to, after performing the # integrations for the propagators,

(Figure [[f]) o /d29(1)d29(2) o d20™m 20/ 29/ L. g207(m)

() D 1)1 )M 213 3)1(2)
[ TT05” — 68268 020" - 00"
A
/(1)

n—1)I )= A (n)l (1)
X (05T =T 0" — 04

X H(G%/(l) _ ggl)l)(ggl)l/(z) B 0;2)0(1))(9;2)1/(3) B 923)1/(2))
B
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Figure 17: Manifestly vanishing diagram for the three point vertex function I'spe

[/(m—1)

e X (Hém niw 9( m) )(Hgm) . 919(1))

+ (the term with the opposite phase)

=2[[0a -0 [](05 - 05)
A B
= 0. (4.27)

Likewise the diagrams in figure [[7] for T'pee is proportional to, after integrating the 0’s
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Figure 18: Examples of the vanishing diagrams with (a) non-planarity and (b) propagators (®®)

associated with the propagators,

(Figure ) /d29(1)d29(2) e d20M 20" 20'2) L 20/M) 297D g2972) L. G207 (1)
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B
TR, (egm—l)l”(l) . egm)l/(”nil))(egm) _ elllll(l))
H(e//l"(l) _ eg(l)l’)(eg(l)l”(z) _ Hg(z)l”(l))(eg(2)l”(3) _ 92(3)1”(2))
C
X - (LTI gl Ty (gl gl

+ (the term with the opposite phase)}

_ H /l” H 0/1” 0//1) H(G//l ch")
A

B C
o (4.28)

It is worthwhile to note that the vanishing diagrams figure and figure [l generally
include not only planar diagrams but also a certain class of non-planar diagrams whose
non-planarity reside inside of the diagrams such as figure [I§ (a). Also the diagrams accom-
modating the propagators (®®) in their inside such as figure [[§ (b) also generically belong
to the category of manifestly vanishing diagrams.

5. Summary & discussions

Having constructed a novel star product formulation of N' = D = 2 twisted SUSY invariant
action on a lattice, we perturbatively studied the possible quantum corrections at non-zero
lattice spacing. We have explicitly calculated the one-loop (in some case any loops) radia-
tive corrections for N’ = D = 2 twisted Wess-Zumino model with global U(/N) symmetry,
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and we have seen that the planar diagrams strictly protect the entire N' = D = 2 twisted
SUSY structure at non-zero lattice spacing. On the other hand, the non-planar contribu-
tions generically spoil the lattice SUSY although they are suppressed at least by the order
of O(a?/N). From these features we claim that the full realization of exact lattice SUSY
is achieved in the 't Hooft large-N limit.

In the series of papers in the collaboration with A. D’Adda, I. Kanamori and N.
Kawamoto [l-[J], we have been proposing a theoretical framework to realize exact SUSY
on a lattice. Since the lattice action in this framework is given in terms of the superfields,
their SUSY invariance is formally kept manifest at the classical level, although its quantum
behaviour has not been clarified until this paper. This paper addresses how the quantum
corrections would spoil or protect the classical SUSY invariant nature of the lattice ac-
tion by explicitly calculating the radiative corrections to the lattice action perturbatively.
As was given in the one-loop calculations, (f.14), (f.19) and (f.23), the planar diagrams
strictly protect the SUSY invariance, although the non-planar diagrams in general spoil

the lattice SUSY at non-zero lattice spacing. This result shows that even though we start
from the “manifest” SUSY formulation at classical level, the SUSY invariant nature of
the action is generally spoiled by the non-planar loop contributions. Thus the validity
of the manifest lattice SUSY formulation could be claimed only in the ’t Hooft large-N
limit at least in the non-commutative product formulation introduced in this paper. Nev-
ertheless, it is still important to stress that the SUSY protecting nature of the planar
diagrams is far from accidental and is actually completely analogous to the twisted version
of the superfield calculations in the continuum spacetime [[4]-[[[§]. This is mainly because
the non-trivial phase factors associated with each vertex, which stem from the “mild”
non-commutativity (B.), cancel with each other in the planar diagrams. The generally
vanishing planar diagrams ({.27) and ({.2§) exhibit this aspect explicitly.

The consequence of this paper may naturally be understood if one reminds the notion
of “proper” ordering appeared in the following two physically independent contexts. The
first one is, as we have mentioned in section 3 and also discussed in ref. [f], that the notion
of “proper” ordering of (super)fields is essential in the present framework of exact lattice
SUSY due to the non-commutative nature of the SUSY transformation on the lattice. This
is originated from the superficial ordering sensitive nature of the difference operations on
the lattice. The second one is, as is well known, that taking the large- N limit also essentially
restricts the ordering of the (super)fields in a certain manner, since interchanging the order
of the fields generally corresponds to converting planar diagrams to the corresponding non-
planar diagrams or vice versa. In this paper we have explicitly seen that respecting the
“proper” ordering in the lattice SUSY context essentially corresponds to picking up the
planar diagrams in the perturbative expansions. In other words, the somewhat peculiar
notion of “proper” ordering introduced in the context of lattice SUSY realization now turns
to have a physically relevant meaning in the large-/N limit.

One might naively think that the large-N reduction [23] would make the lattice SUSY
problem completely trivial from the beginning since in the large-N limit the entire lattice
coordinate may be reduced into a single site, and no chance of the lattice Leibniz rule
problem itself may occur. However, one should notice that the shift operations or differ-
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ence operations on the lattice still remain encoded in the shifting matrices even after the
reduction, for instance, in I', with I',I", = Z,,I',T',,, if one takes the twisted Eguchi-Kawai
reduction [R4]. From this point of view, the lattice SUSY formulation in the large-N limit
may naturally be converted into a problem of how to supersymmetrize these shift matrices.
We should note that this is actually the subject which was partially addressed in ref. [{].

It is interesting to consider if the star product formulation introduced in this paper
could be applied to formulating the supersymmetric gauge theories on the lattice. We ob-
serve that the lattice gauge covariant formulation introduced in ref. [B, ] by means of the
link supercharges and the link component fields may be extended to a certain type of star
gauge covariant superfield formulation on the lattice. Also the lattice Chern-Simons formu-
lation based on the A" =4 D = 3 twisted SUSY which was recently introduced in ref. [[J]
may be recasted into this category. It is also worthwhile to further develop the lattice
superfield framework along the similar manner as given in ref. [7 and try to accomplish
the lattice analog of the non-renormalization theorem directly at non-zero lattice spacing.

In this paper, all the perturbative calculations are performed with the symmetric choice
of ay (B:12). We have introduced four copies of the lattice superfields essentially due to this
symmetric choice. This is because the lattice SUSY transformations involve the mapping of
the component fields from the integer sites to the half-integer sites, or vice versa, due to the
non-commutativity associated with 84 and £4. One may wonder what would happen if one
takes any other choices. In particular, the asymmetric choice where the shift parameters
are given by, a = 0,a, = +n, and @ = —n; —ng, would be of the most interest among them.
As we have presented in ref. [fl], the lattice SUSY invariant action with the asymmetric
choice can be constructed only on the integer sites, so that one may expect the results
without introducing any copy degrees of freedom. On the other hand, it is important to
recognize that the superfield structure, particularly the structure of the vertex functions,
are strongly related with the rotational symmetry in the configuration space. In particular,
the relations (B-53)-(B.54) and the cyclic permutation relations (B.53)—(B.56]) are satisfied
only if one takes the symmetric choice of as (B.19). In contrast, if we take the asymmetric
parameter choice, we do not have any cyclic permutational symmetry of the superfields at
each vertex. In the configuration space, this corresponds to the fact that we do not have
any non-trivial rotational symmetry if we take a = 0. The lack of the rotational symmetry
in the case of a = 0 makes the perturbative calculations much more complicated and non-
trivial even in terms of the superfields. Actually each three point vertex would give rise
to six independent terms, instead of two in the case of the symmetric choice. Accordingly,
their N dependences could get less transparent. The perturbative study of the asymmetric
choice therefore should require more extensive and careful calculations and observations.
We will keep this subject for future study and the result will be given elsewhere. We should
also note that addressing the rotational symmetry of this formulation may involve how to
define the rotational symmetry itself within the context of non-commutative superspace
framework. We observe that the “twisted” deformation of Lorentz symmetry which has
been proposed in the context of the Moyal non-commutative spacetime in ref. [@] may
play an important role also in the non-commutative lattice SUSY formulation.

Recently, the Leibniz rule on the lattice was investigated from an axiomatic point of
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view, and its physical relevance with the infinite flavor d.o.f. was pointed out [f]. It may

be worthwhile to look at the non-commutative superspace formulation presented in this

paper from that point of view.
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